ABSTRACT. Castelnuovo varieties are those irreducible complete varieties in a projective space whose geometric genus is maximal according to their dimension, degree and embedding dimension. In this paper, extending results by Severi and Accola, we prove that, under suitable conditions, such varieties are birational if and only if they are projectively equivalent.
Definition
of Castelnuovo varieties and remarks on Castelnuovo curves.
1.1. Let V C Pr, r > 2, be a complete, irreducible, nondegenerate variety of dimension k > 1 and degree n, and let p: V -» V be a resolution of its singularities.
The geometric genus g = hPiy,^) is independent of the resolution and is therefore called the geometric genus oft7. There is an upper bound for g, depending on n, r, k, discovered by Castelnuovo, for k = 1, and Harris, for k > 2 (see [H] ). If n -1 = M(r -k) + e, with e = 0,... ,r -k-1, then the Castelnuovo-Harris bound is (1.1.1) g = g(n,r,k)=^iyr-k)+(^y Assuming, as we shall do from now on, that this happens, V is called a Castelnuovo variety if the equality holds in (1.1.1). For all properties of Castelnuovo varieties which will not be proved here, we refer to [H] . 1.2. If k = 1, V is a projectively normal, hence nonsingular, curve. The equality X = I, equivalent to n > 2g + 1, characterizes nonspecial Castelnuovo curves. Let X > 2 or, equivalently, n > 2r. The equality n -2r holds if and only if V is a canonical curve. Finally a lemma of projective geometry (see [H, p. 36] ) gives a clear picture of the situation if n > 2r + 1. This lemma implies that either r = 2, or V lies on an irreducible surface F of degree r -1 in Pr, cut out by all quadrics containing V. Nondegenerate surfaces of degree r -1 in Pr are well known: they are either rational normal scrolls or the Veronese surface in P5. The problem of classifying Castelnuovo curves of degree n > 2r + 1, r > 3, is then reduced to identify them among all divisors on these surfaces.
1.3. Let F be a Veronese surface in P5 and L a conic on it. Then V ~ aL, n = 2a, g =(25"1), where _(2M + 2, ifa = 0(mod2), a_ 1 2M + 1, if o^O (mod 2).
Computing g(n,5,1) one checks that any smooth curve in the linear system |aL| is a Castelnuovo curve. The condition n > 2r + 1 is equivalent to a > 6.
(1.3.1) REMARK. V is isomorphic to a smooth plane curve of degree a, embedded in P5 via the complete linear series cut out on it by conies. Therefore, for any </¿, on V, one has m > a -1.
1.4. If F is a scroll, let /: 5 -> F be a minimal resolution of the singularities of F: /is not an isomorphism if and only if F is a cone over a rational normal curve. Pic(S) is freely generated over Z by the divisors H and R, strict transforms via / of the general hyperplane section and of a line of the ruling of F respectively. Identifying V with its strict transform on S, one has that V is a Castelnuovo curve if and only if either This <7¿j turns out to be base points free and complete. The following result is essentially due to Accola (see [A, p. 362] ):
( We notice that the g% is composite with the g^ unless g!¡? -\(H -R)\y\, in which case either r = 3 and g£ = g\¡, or r > 3 and g® is not composite. In fact \(H -R) | v\ is cut out on V by the hyperplanes containing a line / of the ruling of F, off / n V. If \(H -R) | v\ is composite, then any hyperplane of Pr through / and a general point p of V contains another point q of V. Therefore the line pq intersects /. Since F is cut out by quadrics, pq lies on F, thus F has two rulings of lines, so is a quadric in P3.
We can now prove the (1.5.2) THEOREM. Given any base points free gf on V such that d> D, then t >T, and t = T if and only if g? = g? ■ PROOF. We may assume the gf to be complete. If it is composite of a rational involution, then the assertion follows by Theorem (1.5.1). If gf is not composite of a rational involution, it is possible to estimate the number í -ci of independent conditions which the general divisor of gf imposes to \Ky\, by means of a wellknown method by Castelnuovo (see [A, p. 363 2.1. We consider now Castelnuovo varieties of dimension k > 2. One of the main properties of a Castelnuovo variety is that its general hyperplane section is again a Castelnuovo variety, thus the classification is worked out inductively.
Since x > k > 2, the general curve section G of V with a pr_fc+1 is a special Castelnuovo curve. G is a canonical curve if and only if n = 2(r -k + I), and this may only happen if k = 2, in which case V is a K2> surface in Pr. Let now n > 2(r -k + 1). If k = r -1, V is a hypersurface of degree n > r + 1 in Pr. If k < r -1, by the projective normality of V and the properties of its general curve section, it turns out that V lies on an irreducible, nondegenerate variety of dimension k + 1 and degree r -k in Pr, which is cut out by all quadrics containing V. Varieties F of this type are called minimal varieties.
2.2. In order to classify Castelnuovo varieties, one has to understand first minimal varieties. Luckily enough these are well known (see [H, §3] ), and turn out to be rational, projectively normal, of the following three types:
(2.2.1) rational normal scrolls Fai,...,ak = P (Opi(-ai) © ■ ■ ■ © 0pi(-ak)), with 0 < ai < • ■ • < ak and Yli=i a-i = r -k; (2.2.2) quadric hypersurfaces in Pr, if and only if k = r -2; (2.2.3) cones projecting the Veronese surface of P5 from a general Pr_6 of Pr, only if r > 6 and k = r -4; we shall call these varieties Veronese cones.
If F is of type (2.2.1), it is singular if and only if it is a cone over a scroll of lower dimension. Precisely if ai = • • • = a¿+i = 0, then F0l)...)0>¡ is a cone over Fai+2 ak from a P', and these are the only cases in which Fau..,<ak is singular. In particular Fo,...,2 is a rank 3 quadric, while Fb,...,o,i,i is a rank 4 one. A resolution f:S-*F of the singularities of F can be obtained by blowing up the vertex of the cone in Pr. We denote by H, R, E the strict transform via / of a general hyperplane section of F, of a general Pfc of the ruling, the exceptional divisor corresponding to the vertex of the cone respectively. Then the following formula holds for the canonical system Kg of S :
where i is the dimension of the singular locus of F. Formula (2.2.4) is proved in [H] in case F is nonsingular. The case i > 0 can be worked out in a similar manner. If F is a quadric hypersurface, we may assume its rank p to be 5 or more, otherwise F is of type (2.2.1). As above a resolution f: S -* F of F may be obtained by blowing up the vertex of F, which is a Pr_p. Giving H, E the same meaning as above, one has the formula (2.2.5) Ks~-(r-l)H + (p-3)E.
Finally let F be a Veronese cone. Consider a resolution f:S->F obtained in the usual way and give H, E the usual meaning. Moreover denote by L the strict transform via / of a rank 3 cone on F. Then one has (2.2.6) Ks ~ -(r -A)H -L.
Formulas (2.2.5) and (2.2.6) can be found in [H] .
2.3. Let us examine the case the Castelnuovo variety is contained in a scroll F. We denote by W the strict transform of V on S via /. Then W ~ aH + bR + cE, PROOF. Let g: W -» W be a normalization. Then hQ(W',ww>) < h°(W,uiw) (see [HR, Ex. 6.10, p. 239, Ex. 7.2, p. 249] ). Moreover, if h: V -* W is a resolution of the singularities of W, by a result of Kunz (see [K, p. 105 ]), we have g(n,r,k) = g = h°(V,uv) < h°(W',uiw,) < h°(W,uiw).
The dualizing sheaf uiw is invertible and precisely ujw = 0w(W + Ks)-Since h°(S,us) = ^(S^s) = 0, we get h°(W,uiw) = h° (S,uis(W) ).
It is now easy to see, using formula (2.2.4), that if the assertion were not true, then
but the right-hand side of this inequality can be easily computed (see [H, §4] ), and turns out to be equal to g(n, r, k). This gives a contradiction.
(2.3.2) REMARK. The proof of Lemma (2.3.1) shows more than stated. Infact, V being normal, we find h°(W,u)W) < h°(V,wv) = hk(V, Oy) = pa(V), the last equality holding because V is projectively normal. Now pa(V) can be easily calculated by computing h°(W, 0w(lH)), I > 0, and it turns out that pa(V) = g(n, r, k).
Therefore g(n,r,k) = h°(V,uiv) = h°(W',(Jw) = h°(W,uiw) = h°(V,uiv) = pa(V), and then p: V -» V induces an isomorphism p* : H°(V, wy) -► H°(V,uiy). Let U be an open subset of smooth points of V, such that dim(V -U) < k -2. Then H°(U,U^) a H°(V,uiv) by the quoted result of Kunz. Furthermore, since p is an isomorphism over U, U can be seen as an open subset of V. Therefore the inclusion U -» V yields an isomorphism H°(U, Cl\j) ~ (V,^).
It is perhaps worthwhile to observe that toy is locally free and generated by its global sections away from the vertex of the cone F. So, except the singularities V has there, V has only canonical singularities, in the sense of M. Reid (see [R] ).
Summing up, if V is as above, then either Also Remark (2.3.2) can be repeated without changes. 2.5. Finally we suppose V contained in a Veronese cone F, and use the same notation as above. Pic(S) is generated over Z by H and L, and E ~ H -2L. Thus W~aH + ^L,
where a > 0, and (2.2.6) has been used.
(2.5.2) LEMMA. One has n = 0 (mod2). If n = 0 (mod4), then either a = n/4 or a = n/4 -1. Ifn^O (mod 4) then a = (n -2)/4.
PROOF. By (2.5.1) with standard calculation we get (2.5.3)
Further, the same argument of the proof of (2.3.1) implies that (2.5.4) g = g(n,r,k)<h°(W,nw).
If n = 46, we must have b > a, otherwise W would not be irreducible. Computing g(n, r, k) one has g(n,r,k)=4^ll)+3(br-_14
and by (2.5.3) and (2.5.4) we have either a = 6ora + l = 6. The proof is similar if n =É0 (mod4). (2.5.5) REMARK. If n = 0 (mod4), then V is a complete intersection of the Veronese cone with a hypersurface of degree n/4, but in the case a = n/4 the hypersurface does not pass through the vertex of F, while if a -n/4 -1 it does. It is perhaps worthwhile to explicitly point out that the singularity V acquires in this case is not canonical, although it does not affect the geometric genus. A natural question would be to classify all singularities for which this happens. 2.6. Before going further, we summarize the classification of Castelnuovo varieties. It is natural to call nonspecial Castelnuovo varieties those for which x = L special all the other ones. For the latter we distinguish between ordinary ones, for which n > 2(r -k + 1), and exceptional ones, for which n = 2(r -k + 1). The classification is given by the following (2.6.1) THEOREM. Let V C Pr be a complete, nondegenerate Castelnuovo variety of dimension k and degree n. Then:
(a) V is nonspecial if and only if it is a smooth, nonspecial curve of degree n < 2r -1 and genus g = n -r; (b) V is exceptional if and only if it is: (bi) either a smooth canonical curve of degree n = 2r; (b2) or a K2> surface of degree n = 2(r -1);
(c) V is ordinary if and only if it is of one of the following types: (ci) a hyper surface of degree n>r + l(n>5z/r = 3), with canonical singularities; (c2) a variety of codimension one in a rational normal scroll F; if F has a Pl of singular points, then:
(c2,i) either V is residual to r -k -1 -e Pfc 's of F in a complete intersection with a hypersurface of degree M + l, passing with multiplicity m <k -i -life>0, m < k -i if e -0, through P', and V has canonical singularities away from P*; (c2,2) or V minus a Pk is homologous on F to a complete intersection with a hypersurface of degree M, passing with multiplicity m < k -i -I through P*, and V has canonical singularities away from P! ; (C3) a variety of codimension one in a quadric hypersurface F of rank p > 5, complete intersection of F with a hypersurface ofPr passing with multiplicity m < p -3 through the vertex of F, and V has canonical singularities away from this vertex; in this case k = r -2; (C4) a variety of codimension one in a Veronese cone F, and precisely: (c4,i) either a complete intersection of F with a hypersurface ofPr passing with multiplicity m < 1 through the vertex of F, and such that V has canonical singularities away from this vertex ; (c4,2) or V minus a rank 3 quadric cone contained in F is homologous on F to a complete intersection of F with a hypersurface of Pr, and V has canonical singularities away form the vertex of F; in case (04), k = r -4. This theorem has been proved for a great deal in [H] . Here we have added cases (b2), (ci), (cj^), escaped to Harris' classification, and have made more precise the statement if F is singular in the ordinary case. It should be noted that in case (ci ) the assertion about the singularities of V follows by the same argument of (2.3.2).
2.7.
In what follows we shall need the (2.7.1) LEMMA. Let V C Pr be a Castelnuovo variety of dimension k and degree n, such that n > (k + l)(r-k) + 2.
Let U be the nonsingular locus ofV; looking at U as an open subset ofV, then the canonical map of V is an isomorphism of U onto its image.
PROOF. We examine only the nontrivial case k > 2. Since n > (k-\-l)(r -k)+2
implies n > 2(r -k + 1), V is ordinary. If k = r -1, then n > r + 2 and the assertion is clearly true. Let V be of type (c2). The hypothesis implies M>P + 2' ife = °' I Jfc + 1, if e > 0.
Thus the assertion follows by (2.3.3) and (2.3.4). If V is of type (c3), then the hypothesis yields rt/2 > r, and by (2.4.1) we are done. Finally, if V is of type (C4), then n > 4r -10 and the lemma follows by (2.5.1) and Lemma (2.5.2).
If n < (k + l)(r -k) + 1 it may very well happen that the canonical map of V is not birational. It is not difficult to completely classify Castelnuovo varieties for which this happens.
3. An extension of a theorem of Severi. 3.1. This section is devoted to prove the following extension of a theorem of Severi (see [S] ): (3.1.1) THEOREM. LetV CP' be a Castelnuovo variety of dimension k and degree n such thatn > (fc + l)(r -fc)-t-2. LetV C Ps be a nondegenerate, complete variety of dimension k, of degree n' < n, such that s > r and there is a rational dominant map ir: V -* V. Then r = s and ir is an isomorphism induced by an invertible linear transformation ofPr.
The proof will be divided in several steps. 3.2.
Step 1 is injective. Whence (3.2.1) g(n,r,k) = h0(V,ü\) < ft°(V',í$,) < g(n',s,k).
Now it is easily checked that g(n',s,k) < g(n,r,k), and the equality holds if and only if n = n', r = s. Thus the equality holds in (3.2.1), proving Step 1. 3.3.
Step 2.
There is an open subset U' of V, consisting of smooth points of V, with dim(V" -U') < k -2, such that ir induces on U' a well-defined birational morphism it: U' -> V. Since V is normal, the existence of U' with the required properties, over which í is well defined, is obvious. Notice now that 7?*: H0(V,nt) -* /70((7',n^) is an isomorphism (see §3.2 and (2.3.2)), therefore ir is birational by Lemma (2.7.1).
Step 2 in particular implies that 7r is birational, and in fact an isomorphism, if k = 1. This proves the theorem for k = 1, by a result of Accola (see [A] ). From now on we assume k > 2, and we shall denote by 7r : U' -► V the composite morphism p O 7?. 3.4. Step 3. Let C" be the general curve section ofV with a pr_fc+1; we may assume C C U'. Let C = ir(C); then the linear span of C in Pr is a Pr_l:+', with I > 1. The first assertion is trivial. Let now p'x,... ,p'r_k+2 be general points on C". They are general points on U' too and the corresponding points pi,... ,pr_jt+2 are still general points on V belonging to C. Since pi,... ,pr_fc+2 span a pr-fc+1 contained in the linear span of C, the assertion follows.
(3.4.1) REMARK. With the above notation, C is a Castelnuovo curve of degree n in pr_'c+1i 7T | c, ; C' --> C is a birational morphism, C is a curve of degree m in pr~k+l with / > 1. Since the theorem holds for k = 1, we have m > n and the equality holds if and only if / = 1, C is a Castelnuovo curve, tt\c is induced by an invertible linear transformation, and C is the general curve section of V.
3.5.
Step 4: n = m. Since n > (k + l)(r -k) + 2, both V, V are ordinary Castelnuovo varieties. Using notation introduced in §2, we shall denote by W', W the proper transform of V, V on the desingularizations S, S' of the minimal varieties F, F' containing V, V respectively, if k < r -2. If k -r -1, we set V = W, V = W. Notice now that U' may be thought of as an open subset of W, and 7T induces a birational morphism ir' : U' -► W. Thus C C U' may be viewed as a curve in W and, abusing notation, we shall denote again by C the curve rr'(C') in PROOF. We look at C as a curve on V, spanning a pr-k+l, with I > 1. A general pr-k jn pr-k+i can De assumed |0 De a general pr_fc in Pr (see the argument of §3.4). This implies that F0 = FC\Pr~k+l is an (/ + l)-dimensional minimal scroll of pr-fc+i jn fact any component of F0 has dimension at least I + 1. If its dimension were bigger, then its intersection with pr~k would have dimension at least 2. This is a contradiction, because, Pr~k being a general one, its intersection with F is a rational normal curve. On the other hand, since Fo contains C, it is also clear that Fn is irreducible. Now the linear series cut out on C by \H -R -E\ is also cut out on C by all hyperplanes of pr~k+l containing a P; of the ruling of Fo-This proves the lemma.
3.4.
Step 5: End of the proof. Let D' be a general hyperplane section of V and let D be the proper transform of D' on V via 7r : precisely the Zariski closure of ir(D' n U'). Theorem (3.1.1) will be proved by showing that D is a hyperplane section of V. Since D has degree D ■ C -D' ■ C = n, it is enough to prove that D cannot be nondegenerate.
To this aim it is sufficient to remark that D cuts a general curve section C of V with a Pr_fc+1 in n points which do not span the pr-fc+i (see Remark (3.4.1)).
